We show that binary mixtures of Bose-condensates of alkali atoms have a great variety of ground state and vortex structures which can be accessed experimentally by varying the particle numbers of different alkalis. We have constructed a simple algorithm to determine the density profiles of these states, and have worked out their phase diagrams within Thomas-Fermi approximation. Many structures of the alkali binary contain a coexisting region, which is the analog of the long sought 3 He-4 He interpenetrating superfluids in ultralow temperature physics. 
particle numbers as N 1 and N 2 . Unlike single component systems which are characterized by a single scattering length, alkali binaries are characterized by three scattering lengths a 1 , a 2 , and a 12 ; representing interactions between like and unlike alkalis. (While scattering lengths of like alkalis are known at present, those of unlike alkalis are not). As we shall see, this moderate increase in energy scales leads to a proliferation of ground state and vortex structures, which we shall illustrate for the case a 1 , a 2 > 0. This case is chosen because it has the greatest structural diversity, and can be analysed by simple analytic methods. The results for this case will also be useful in understanding the qualitative features of other (negative scattering length) cases.
Our key results are : (a) a simple algorithm for determining the density profiles of the binary mixtures, (b) the phase diagrams of the vortex free ground states [denoted as (v0)], and the vortex states in either 1 or 2 [denoted as (v1) and (v2) respectively]. We limit our discussions to these two types of vortices because they are the states the system will first fall into as the confining potential is rotated. Our algorithm, however, can be applied to arbitrary number of vortices in 1 and 2. As we shall see, the structure of the mixture depends on two parameters α and β, which are proportional to the strength of a 12 and the relative strength between a 1 and a 2 respectively. These parameters determine whether alkali 2 when added to an existing cloud of 1 will stay at its exterior or interior. Many structures of the mixture contain a coexisting region which is especially large when N 1 ∼ N 2 . This is the analog of the long sought 3 He-4 He superfluid mixture in ultra-low temperature physics.
Even greater structural diversity is found when vortices are inserted in one of the alkalis.
When the alkali 1 and 2 are mutually repulsive, a 12 > 0, the vortex free alkali (say, 2) always enter the vortex core of 1, giving rise to a variety of "vortex donut" structures in 1. When a 12 < 0, one has an unusual "concentric donut" structure where a vortex free "donut" of 2 embedded in a "vortex donut" of 1.
Our results are obtained by minimizing the Gross-Piteavskii energy E(Ψ 1 , Ψ 2 ) = T + V subject to the constraint of constant particle numbers, i.e. by the condition δK = 0,
where (Ψ i , µ i ) are the order parameter and chemical potential of the i-th alkali, i = 1, 2. The potential energy V and kinetic energy T are
U i is the potential of the magnetic trap for the i-th alkali, generally of the form [4] 
, where g i and M i are the g-factor and mass of the i-th alkali, µ B is the Bohr magneton, B o is the magnetic field at the center of the trap, L is the length scale of the variations of the magnetic field, and λ is the trap anisotropy. ζ 1 and ζ 2 are complex coefficients which is caused by back flow effects between different alkalis. They are expected to be small in the dilute limit.
Our calculations are performed within the Thomas-Fermi approximation (TFA), which is a good approximation in the limit of large number of particles, as pointed out by Baym and Pethick [5] . In TFA, one ignores all ∇|Ψ i | terms in T . For vortex free structures (v0), this amounts to setting T = 0. For (v1) vortices, (Ψ 1 = |Ψ 1 |e iφ and Ψ 2 = |Ψ 2 |), TFA amounts to retaining only the centrifugal term |Ψ 1 | 2 /r 2 in T . Because of the absence of gradient terms ∇|Ψ i |, the densities obtained from TFA usually consist of discontinuities in radial curvature. Such changes in curvature in fact take place smoothly over the distance of correlation length, which decreases with increasing particle numbers [5] . It is convenient to write K and N i in dimensionless form by the following rescaling:
We then have
where x = (r, z) = (x, y, z) in eq. (4), and p = 0 and 1 for (v0) and (v1) state respectively.
α and β are defined as
reflecting the interaction between unlike alkalis, and the relative strength of the self interaction between like alkalis. For (v2) vortices, the energy can be rescaled to the same form as eq. (3) with the same α and β in eq. (5), and with (c 1 =r
. We shall not consider the case (α < −1), which does not have bulk stability. In our subsequent illustrations, we use the example of 87 Rb-23 Na mixture, (our alkali 1 and 2), which has identical g factors. We thus have
, and β = 0.73.
Since a 12 is not known for this mixture, we consider the entire range of α > −1. Taking
Our goal is to find the condensate structure (i.e. ρ 1 , ρ 2 ) as a function of particle number n 1 , n 2 . This is done by : (I) Minimizing K to find the equilibrium densities ρ i for given chemical potential ν i , (II) substituting these densities into eq.(3) to obtain the relation
, (III) inverting this relation to obtain ν i = ν i (n 1 , n 2 ) and hence the evolution of ρ i (through their dependence on ν i ) as a function of n i . Although much of our labor went into (II) and (III), they are straightforward (though lengthy) calculations once the densities profiles are determined by the simpler but subtler step (I), which we now explain.
[12] denote the vacuum, the single phase of 1, 2, and the coexisting phase of 1 and 2 respectively. Their densities are given by the stationary conditions of K,
[1] :
The distribution of these "phases" in c 1 -c 2 plane will be referred to the distribution plot, which depends only on α. The distribution plots for (0 < α < 1) and (−1 < α < 0)
are shown in fig.( see that a path in real space will have an "image" path in c 1 -c 2 space. For example, the image of a radial path on the horizontal plane with height z is given by Γ(z) : The phase diagrams of all other cases can be obtained from these either by interchanging 1 and 2 or by collapsing the coexistence region down to a line [7] . In all cases we have studied, the condensate structure evolves continuously over the entire n 1 -n 2 space, even though the phase diagrams may contain different structural regimes.
The typical phase diagrams of (v0) fig.(3.1) , (3.5) , and (3.7) respectively, with values of (α = 0.9, β = 0.73) for A and (α = 0.6, β = 0.73) for B. The scales of n 1 and n 2 are chosen so that a condensate with N 1 = N 2 = 10 4 will appear in the middle of the diagram. There are in fact many more structural regimes near the n 1 and n 2 axes which correspond to various stages of filling up the vortex core. However, they only exist close to the n 1 and n 2 axes (i.e. small number of particles in either 1 or 2) and are not visible on this scale [8] .
The boundary surfaces for the mixtures marked as "a" to "f " in fig is essentially that of (v1)-A ( fig.(3.1) ) with the region occupied by "b" is collapsed into a line. The absence of this region is due to the weakness of mutual repulsion between different alkalis (i.e. small α), so that alkali 2 always penetrate completely the vortex donut of 1. fig.(1.1) and (1.2) . In fig.(1.2) , Fig.(1.3) shows the distribution plot for −1 < α < 0. Fig.(1.4) and fig.(1.5) to (1.6) show the real space boundary surfaces for (v0) and (v1) cases respectively. The boundary surfaces in fig.(1.4) are given by [
. The boundary surfaces in fig.(1.5) are given by [2]
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